The ultraviolet properties of 17 extreme helium stars have been examined using 150 IUE spectra. Combining short-wave and long-wave image pairs and using a grid of hydrogendeficient model atmospheres and a x 2 minimization procedure, 70 measurements of effective temperature (T eff ), angular diameters (u ) and interstellar extinction E B2V were obtained. In most cases, these were in good agreement with previous measurements, but there are some ambiguities in the case of the hotter stars, where the solutions for T eff and E B2V become degenerate, and in the case of the cooler stars with large E B2V , where the total flux is no longer dominated by the ultraviolet.
helium, with a few per cent of carbon and nitrogen and, in general, a negligible contamination by hydrogen. They are almost certainly of low mass. The majority show small-amplitude variations on time-scales of 1±20 d or more, and should correctly be classified as PV Tel variables.
Evolution and secular changes
The principal question posed by the extreme helium stars is that of their evolutionary origin. Two principal hypotheses have emerged, the chief difference being whether the progenitor is a single or a binary white dwarf. The general properties of both hypotheses are outlined elsewhere (e.g. Saio & Jeffery 2000) and are here simply referred to as the`late thermal pulse' (LTP) model (Iben et al. 1983 ) and the`merged binary white dwarf' (MBWD) model (Webbink 1984; Iben & Tutukov 1985) . Both hypotheses involve the ignition of a helium-burning shell in an electron-degenerate star, followed by the expansion of the stellar envelope to giant dimensions and then a contraction, once again, to the white dwarf sequence. The expansion phase is thought to take place on the dynamical time-scale, from a few weeks to a few years, whilst the contraction will be on a thermal time-scale (thousands of years).
Examples of stars with both evolutionary histories have been proposed. It has been argued that the rapid expansions observed in V4334 Sgr, FG Sge and V605 Aql are due to a late thermal pulse (or final helium-shell flash : Iben 1984; Seitter 1987; Duerbeck et al. 1997) . Some authors have gone on to suggest that, since FG Sge and V4334 Sgr share some properties also shown by the hydrogen-deficient R CrB stars, at least some of the latter are also LTP stars. On the other hand, Saio & Jeffery (2000) have shown that the subluminous helium star V652 Her could be the consequence of a merger between two helium white dwarfs.
In both the LTP or MBWD cases, the structure of the stellar core ± the degenerate region below the helium-burning shell ± depends on its previous history and may be reflected in its subsequent evolution. For example, to first order, the luminosity of the helium-burning shell depends on the mass and radius of the core (Jeffery 1988; Saio 1988) . Similarly, the contraction rate of a shell-burning helium giant depends on the luminosity (Saio 1988) , the most luminous stars contracting the most quickly. Therefore, if it were possible to plot the evolution of any of these stars in terms of luminosity and radius as a function of time, it would provide an invaluable diagnostic of stellar evolution.
Being hot, extreme helium stars emit principally in the ultraviolet. In the absence of hydrogen, the influence of line blocking on the distribution of flux in the emergent spectrum is highly exaggerated. Line blocking in the ultraviolet comes principally from neutral and singly ionized iron-group elements, and is very sensitive to temperature between 10 000 and 20 000 K. Furthermore, the redistribution of flux caused by line blocking leads to back-warming of underlying layers in the photosphere, and hence to a modification of the atmospheric structure (`line blanketing': Kurucz 1979) . The magnitude of the effect is roughly proportional to the ratio between line and continuum opacities, the latter being dominated by electron scattering in the atmospheres of hot stars. Thus line blanketing is approximately twice as effective in the electron-poor atmospheres of helium-rich stars as in the atmospheres of normal-composition stars. Consequently, the ultraviolet flux distribution of extreme helium stars is extremely sensitive to the effective temperature (Jeffery & Heber 1992; Dudley & Jeffery 1993) .
Being rare and unusual, several extreme helium stars were observed within the first two years of operation of the International Ultraviolet Explorer (IUE: 1978±1979) and nearly all had been observed by the mid-1980s. Upon recognizing the great sensitivity of their fluxes to temperature, a series of second-epoch observations of extreme helium stars was made with IUE in the early 1990s.
Pulsation and cyclic changes
In the meantime it had been recognized that many extreme helium stars show photometric variability on time-scales of hours to weeks (e.g. Jeffery, Hill & Morrison 1986 ) and that the most luminous are likely to pulsate (Saio & Jeffery 1988) . Clearly, cyclic changes in flux due to pulsation would be as easy to measure but could mask any secular changes due to evolution. Such cyclic changes would, however, be extremely useful for measuring the temperature and radius variations associated with the pulsation and could, in conjunction with radial velocity measurements, help to ascertain the radius of a pulsating helium star, independently of its distance. Should the secular change be large compared with the cyclic change, then a measurement of the cyclic changes at one end of the secular vector would indicate the overall uncertainty in the length and direction of that vector.
Consequently, the second-epoch IUE observations of three extreme helium stars included observations repeated over an interval commensurate with their known time-scales for photometric variability. By good fortune, it was possible to obtain optical spectroscopy nearly simultaneously with these IUE data.
Objectives
In this paper, the IUE observations of extreme helium stars are described, the resulting angular diameters and effective temperatures are reported, and the time-dependent behaviour is considered. Table 1 records the journal of IUE observations of 17 extreme helium stars (EHes) used in this investigation. Approximately 150 low-resolution (LORES) spectra obtained with the Large Aperture (LAP) have been used, of which 78 were obtained by the principal author and 66 were obtained specifically for this investigation.
I U E O B S E RVAT I O N S
All of the images were retrieved directly from the IUE Final Archive (Nichols & Linsky 1996) as wavelength-and fluxcalibrated files (MXLO images), thus avoiding inhomogeneities in the reduction of first-epoch observations (in particular) and taking advantage of the improved signal-to-noise ratio achieved in the Final Archive data products.
Wherever possible, pairs of images obtained with the Short Wavelength Prime (SWP) camera and either the Long Wavelength Reserve (LWR ± early epochs) or the Long Wavelength Prime (LWP ± later epochs) camera were identified. The principal criterion was that SW/LW pairs should have been obtained on the same date, but in a few cases ± particularly first-epoch observations ± this was not always achieved. In some cases, two images from the same camera were combined, using the exposure times to provide an appropriately weighted average spectrum. The SW and LW images were merged with relative weights of 100:1 (affecting the overlap region only) and trimmed to the wavelength range 1150±3350 A Ê .
S A AO O B S E RVAT I O N S
By good fortune, time on the 1.9-m telescope at the South African Astronomical Observatory (SAAO) was awarded to two of the authors for entirely different programmes during 1995 May and roughly coincided with the period in which the IUE observations were scheduled. Spectroscopic observations of the IUE targets were obtained using the Image Tube Spectrograph and the Reticon Photon Counting System. All spectra were obtained in the blue region (3900±4500 A Ê ) at a resolution of ,1 A Ê . A wavelength calibration spectrum was taken before and after each stellar observation. Spectra were background-subtracted, wavelength-calibrated, linearized and normalized. Radial velocities were found by crosscorrelation relative to a template spectrum ± generally the best exposed spectrum of each star. The velocity shift and error were found by fitting a Gaussian to the peak of each cross-correlation function. The template velocities were obtained by crosscorrelation relative to the radial velocity standards HD 80170, 121190, 121932, 157457, 203638 and 204867 . All velocities were corrected to the heliocentric reference frame. Table 2 records the journal of velocities for each of three extreme helium stars used in this investigation.
ANALYSIS
Apparent flux from a stellar photosphere may be characterized by an effective temperature T eff , an angular radius u and an interstellar extinction coefficient E B2V . The theoretical flux distribution of a helium star with a given temperature, f l ,T eff , may be computed using an appropriate model atmosphere (Jeffery & Heber 1992 ). The characteristic interstellar extinction A lYEB2V may be approximated using, for example, Seaton's (1979) law. Our initial goal was to determine T eff ,u and E B2V for each LW/SW observation in Table 1 .
A grid of helium-rich model atmospheres was calculated covering the effective temperature range 6000±45 000 K. The composition of the models in this grid was chosen to be n H 0Y n He 0X99Y n C 0X01 and Fe 0X0Y reflecting a composition typical for extreme helium stars (Jeffery 1996) rather than one tailored specifically to each star observed. To be brutal, this choice was made to minimize computational effort ± the alternative would have been to compute a complete grid for each star. However, the composition of several helium stars is still not well known, the amount of line blanketing included in the models remains incomplete, and the systematics of adopting the same model grid for every star are much more tractable. Therefore, the adoption of a single composition was the only sensible choice for a study of so many targets.
For this analysis, the grid was entirely rechecked and extended where necessary to cover the range of T eff and log g measured for EHes in previous analyses (Fig. 1) . In some cases, models could be computed close to the Eddington limit for a pure Thomson scattering atmosphere. For reasons that are not completely clear but are connected with the distribution of opacity, very lowgravity models would not converge at all T eff .
Surface gravity affects the overall flux distribution through changes in the ionization balance and line broadening. The resolution of the spectrophotometry is insufficient to provide an independent constraint on log g. Therefore previous measurements have been used to guide the construction of two sequences of model atmospheres with which the following procedure has been executed. These, together with previous measurements of EHes, are shown in Fig. 1 and may be seen to represent a low-and a high-gravity sequence. They were chosen so that log g varies smoothly along each sequence and so that the combined sequence passes as close as possible to all EHes in the sample. These models were used to obtain best-fitting solutions for the observed IUE fluxes, essentially by residual minimization. A variety of approaches was investigated; only that which led to the final results presented here is described in detail. The principle was to fit the theoretical flux distribution
to the observed fluxes F l at the resolution given by the models (,20 A Ê ) using chi-squared minimization. In computing
s 2 l are the variances of the binned fluxes. The errors associated with the best-fitting parameters x i are given by the diagonal elements (a 21 ) ii of the inverse of the covariance matrix a, whose elements are given by
Several x 2 minimization procedures are capable of solving for x i , here T eff ,u and E B2V . The final method adopted was the downhill simplex method (Nelder & Mead 1965) , implemented using a variant of the algorithm amoeba (Press et al. 1989 ). The method was proven to give identical results to an independently developed brute-force algorithm. The principal difference between our version of amoeba (Woolf & Jeffery 2000) and that published by Press et al. (1989) is that ours passes both the free parameters and the observed spectrum to the function to be minimized. In this case, the function is x 2 (cf. chisq, Press et al. 1989 ). The bruteforce procedure originally developed for this project (crawler) entailed a cross-shaped grid with an adaptive mesh size that literally crawled across the x 2 surface until it located a minimum. A coarse snapshot of the entire x 2 surface verified that only one such minimum existed.
The value of E B2V or, indeed, of T eff obtained from x 2 minimization to the IUE ultraviolet fluxes alone did not always agree with previous results or with expectation. One problem is that the simultaneous measurement of T eff and E B2V from the flux distribution alone is not always feasible ± the solutions can be nearly degenerate. The measurement of E B2V from the 2175-A Ê feature alone is not helpful, since the interstellar feature coincides with a large number of temperature-sensitive metal lines in the photospheric spectrum. Hence a large reddening increases the strength of the interstellar feature and implies a high effective temperature with little metal line blocking, whilst a small reddening reduces the interstellar feature and implies a low effective temperature with more metal line blocking.
Visual and infrared photometry can provide additional constraints on T eff and E B2V . However, the use of data that were not (Table 5 ) are shown as filled squares. The complete grid of model atmospheres is indicated by black dots. The approximate locations of the Eddington limit (Thomson scattering), the hydrogen main-sequence and L/ M contours are shown for reference. Two EHes not studied in this paper are labelled. contemporaneous with the IUE observations could have voided our search for variations. We therefore introduced a single set of UBVRI photometry (Table 3) to all spectra of the same star. An average E B2V was thus obtained, together with preliminary values of T eff and u. At this point, the flux distribution fits were inspected manually and compared with previous determinations of T eff and E B2V . If these checks proved satisfactory, the automatic measurement of E B2V was adopted. Otherwise, a value was estimated by obtaining the best fit between model and spectrum at all ultraviolet wavelengths including, in particular, the 2175-A Ê feature.
The adopted E B2V was subsequently applied as a fixed value, the weights attached to the UBVRI photometry were reduced to a very low value and the solution for T eff and u was repeated. Consequently, the final relative measurements of these are dominated by the IUE data, whilst the average values and E B2V are also constrained by the optical photometry.
Important sources of systematic error include anomalous interstellar extinction and differences in photospheric composition. CoD 246811775 LSE 78 is a good example (Jeffery 1993 ) of the former. The 2175-A Ê feature corresponds with a region where the IUE camera sensitivity is low. Although our x 2 reflects the signal-to-noise ratio (S/N) in the photometry, the minimization may still be influenced by systematic errors in the IUE calibration at low flux levels. Each case has been considered individually and carefully. In most cases E B2V has been measured satisfactorily from the x 2 minimization. In a few, the result contradicts other indicators, such as the optical spectrum, sufficiently that a compromise value of E B2V has been adopted. Such cases are noted. The contribution of the composition was checked using a sequence of model atmospheres computed with n C 0X003X Where the raw data are of good quality, the systematic changes are small. For the lowest-gravity stars, T eff increases by &1 per cent for the coolest stars and negligibly for the hottest stars in the sample. For higher-gravity stars T eff is reduced by ,5 per cent. Many of the cooler stars occupy the temperature domain where the effect of iron line blanketing on the flux distribution is most severe (Dudley & Jeffery 1993 ) and most are variable on comparatively short time-scales (see Section 7). Improvements in the model atmospheres and simultaneous ultraviolet and optical (UBVRI) photometry would reduce many systematic effects.
The consistency of the solution can, in principle, be checked by comparing the integrated observed flux, after dereddening, with the integrated model flux in the same spectral region. This is equivalent to the comparison of T eff with T mod T eff model used by Drilling et al. (1984a) . Algebraically, let F IUE F l aA l dl and F IUE f l aA l dl be integrals over the wavelength region observed with IUE. If we make the approximation that the ratio of observed flux to total flux in both theoretical and physical stellar atmospheres is the same, then
FaF < T eff aT mod 4 X Without the approximation, we have
Thus, disregarding errors in u, a 1 per cent discrepancy in the flux integral corresponds to a 4 per cent error in T eff . The ratio F/F given in Table 4 thus gives an indication of where large systematic errors in the average values of T eff and u still exist. CoD 246811775 illustrates this well. Despite all precautions, significant discrepancies between the current and previously published measurements of T eff remain. On an absolute scale, the previous values may often be preferred. However, the crucial observables in the present study are dT eff and du. Considerable care has been taken to minimize the impact of known systematic errors on these quantities. However, it is clear that this experiment is close to the limits of validity of the model atmospheres and of the photometry. 
E F F E C T I V E T E M P E R AT U R E S A N D A N G U L A R D I A M E T E R S
The results are shown in Columns 5 and 6 give, first, the adopted extinction E B2V and standard error and, below, the effective temperature T eff and standard error for each spectrum. Columns 7 and 8 give the angular radius for each spectrum. Column 9 gives the ratio F/F described above. Columns 10 to 13 give values for E B2V , T eff and u from the previous analyses cited. Note that only the IUE spectrophotometry has been used in the measurements of T eff and u reported here. Fig. 2 shows one spectrum for each star analysed, dereddened by the adopted extinction E B2V , together with the best-fitting theoretical flux distribution. Each star is discussed below.
HD 124448. Theoretical flux distributions reproduce IUE and UBV photometry well. Values of E B2V and T eff obtained from x 2 minimization are in excellent agreement with previously published analyses.
HD 144941. Theoretical flux distributions reproduce the IUE photometry well, but do not fit the B and V photometry. T eff is ,5000 K higher than that found spectroscopically. The star is not variable , but is very metal-poor and comparatively hydrogen-rich . Although it is likely that problems are related to the photospheric composition, a sequence of model atmospheres with n H 0X05 did not resolve them. Self-consistent hydrogendeficient model atmospheres with very low metallicities have not yet been developed.
HD 160641. The x 2 minimization gave E B2V , 0X28±0X33 with T eff , 22 500 KX The presence of strong C iv l1550 and He ii l1640 absorption as well as previous analyses imply higher T eff . Forcing a fit with E B2V in the range 0.40±0.48 gives reasonable agreement between ultraviolet and UBV photometry except in the range 1800±2500 A Ê . Thorough examination demonstrates that the particular interstellar extinction around 2175 A Ê is significantly narrower than that given by Seaton's (1979) law ( Fig. 3) . It is known that l2175 absorption varies considerably from one line of sight to another (Fitzpatrick & Massa 1988 ) and the problem is not uncommon amongst extreme helium stars and related objects (Jeffery 1995) . This, together with insufficient resolution in the models around the UV resonance lines, degrades the quality of the fit. Since our goal is to measure relative changes in T eff , we have adopted E B2V 0X45X We note that x 2 is increased because of the systematic error introduced in the adopted extinction, and that the formal errors on the resulting T eff and u are correspondingly greater than those arising from photometric and model atmosphere errors alone.
HD 168476. Theoretical flux distributions reproduce IUE and UBV photometry well. Values of E B2V and T eff obtained from x 2 minimization are in excellent agreement with previously published analyses. HD 225642. Theoretical flux distributions mostly reproduce IUE and UBV photometry well, with the exception of the shortwavelength end of the IUE long-wavelength camera. The RI fit is poor. The values of E B2V and T eff obtained from x 2 minimization are in good agreement with one previous analysis.
BD 13781977. With E B2V 0X0 and T eff , 40 000 KY the IUE and UBVRI photometry closely follow the Rayleigh±Jeans tail of the flux distribution. The only published measurement of T eff predates IUE and contemporary model atmospheres.
BD 11082179. Theoretical flux distributions reproduce the IUE photometry well, but not the B and V photometry. The star is not variable (Hill, Lynas-Gray & Kilkenny 1984; Grauer, Drilling & Scho Ènberner 1984) and is metal-poor (Heber 1983) . T eff is probably too high as a consequence of the latter.
BD 1184381. The x 2 values for E B2V and T eff provide a good match to the IUE and UBV photometry. E B2V and T eff are similar to those previously reported from IUE measurements but T eff is higher than measured spectroscopically. Systematic differences between spectroscopic and photometric measures of T eff have been persistently difficult to resolve for EHes.
BD 2183438. The x 2 values for E B2V and T eff provide a good match to the IUE and UBV photometry. Although E B2V is higher than previously reported, T eff derived therefrom matches a recent spectroscopic measurement and is compensated for by a larger angular radius.
BD 2984395. Theoretical flux distributions reproduce the IUE photometry well, but do not fit the B and V photometry.
CoD 246811775. For wavelengths longer than 2000 A Ê , anomalous interstellar extinction has already been identified. E B2V is therefore adopted from the analysis of Jeffery (1993) , whereupon the IUE photometry longward of 2400 A Ê fits well. The B and V photometry are not well fitted; being similar to a mismatch in other stars of similar T eff , this may be due to composition.
CoD 248810153. The IUE data for this star are very noisy. x 2 gives E B2V , 0X38±0X56 with T eff , 10 500 KX Fixing E B2V 0X45 gives a reasonable fit to IUE and UBV photometry, with R and I being somewhat faint as in other EHes of similar T eff .
LS IV 1682. The x 2 method gave E B2V 0X16 and T eff , 29 000 KY but the fit around 2175 A Ê was suspect due to IUE noise around 2000 A Ê . Eyeballing the fit for E B2V gave theoretical flux distributions that reproduce IUE and BV photometry well and T eff in good agreement with previously published analyses.
LS IV 2182. Theoretical flux distributions reproduce IUE and UBV photometry well. The RI fit is poor. The values of E B2V and T eff obtained from x 2 minimization are in reasonable agreement with previous analyses; attempting to reduce E B2V reduces T eff and substantially degrades the fit.
LS IV 2148109. The x 2 minimization gives E B2V , 0X36±0X58 as a consequence of low S/N in the IUE data. Adopting a mean value E B2V 0X45 gives a reasonable match between theoretical fluxes and IUE and UBV photometry with T eff , 8800 KX Increasing E B2V further causes substantial problems for the fit, although published values for T eff suggest that this is desirable. Reducing E B2V 0X40 makes no substantial difference to the quality of fit.
LSS 4357. The IUE spectra are very noisy below 1500 A Ê and from 2000 to 2400 A Ê . Consequently x 2 only constrains E B2V , 0X40±0X54 and T eff , 13 000±14 000 KY being ,2000 K lower than the spectroscopic value. To achieve T eff , 16 000 K requires E B2V * 0X60X In default of a good ultraviolet spectrum, we report the x 2 solution. LSS 5121. The IUE data are noisy, and Lya was excluded from the x 2 fit. The latter gave E B2V 0X40 and T eff 19 179 KY in contradiction to the optical spectrum (Heber, Jonas & Drilling 1986 ) and the presence of strong C iv l1550 and He ii l 1640 absorption. Adopting E B2V 0X65 gave T eff more in keeping with the latter, although noisy photometry in the range 2000±2500 A Ê gives the impression that E B2V should be lower.
S E C U L A R VA R I A B I L I T Y
Saio (1988) calculated equilibrium models for luminous helium stars with degenerate carbon±oxygen cores and helium envelopes. From these, contraction rates for shell-burning helium stars can be obtained as a function of mass and effective temperature. Surface gravities and effective temperatures have already been measured for most of the stars in the current sample. These give the L/M ratio and, using a theoretical mass±luminosity relation (Jeffery 1988) , one estimate of the total mass (Table 5 ).
The first object of this investigation was to compare measurements of helium star effective temperatures, obtained over a 10± 15 yr baseline, with the contraction rates predicted by Saio (1988) . The effective temperatures of extreme helium stars for which at least two IUE measurements have been given in Table 4 are shown as a function of time in Fig. 4 . The panel for each star also shows the predicted change (Saio 1988) in T eff for 0.7-and 0.9-M ( helium stars over a 10-yr baseline, assuming the mean T eff measured here for each star. Note that the contraction rates for 0.7-M ( stars are an order of magnitude smaller than for 0.9-M ( stars and are barely different from zero on the scale of Fig. 4 .
BD 1184381, CoD 248810153 and LS IV 2148109. For all 0.7-M ( models and for 0.9-M ( models with T eff & 12 000 KY the predicted contraction rates are mostly negligible compared with the measurement errors. These stars all have T eff & 12 000 K and no detectable change in T eff or u, in agreement with the predictions.
LS IV 2182 and BD 2183438. For the two remaining cool EHes, the predicted 0.9-M ( contraction rate is non-negligible. LS IV 2182 shows no detectable change. The T eff of BD 2183438 has risen by a few hundred degrees between 1979 and 1994. Although the change might be accounted for by short-term variations and photometric errors, it may be significant. Pandey et al. (2000) find a high surface gravity for this star, which would contradict a high contraction rate. However, it is also variable (Kilkenny et al. 1999a ) on a time-scale comparable with strangemode pulsations seen in luminous EHes, but not in high-gravity EHes (Saio & Jeffery 1988) . Table 3 (solid points) , is compared with the theoretical flux distributions (thick curve) that best fit the IUE spectra. The spectra have been dereddened by the amount shown in Table 4 and multiplied by an arbitrary constant. The IUE and model spectra correspond to the last entry for each star in Tables 1 and 4. HD 124448, BD 13781977 and BD 11082179. These show no evidence for a significant increase in T eff during the IUE lifetime. In the cases of HD 124448 and BD 11082179 at least, the surface gravities are high and indicate relatively low luminosities and masses, &0.6 M ( ( Table 5 ). The possibility that BD 11082179 could be cooling due to a secular expansion cannot be excluded. The early evolution of a helium star may include a relatively rapid expansion phase (e.g. Weiss 1987) .
HD 225642, CoD 246811775 and LSS 4357. These have a low surface gravity and could have been expected to show measurable contraction. In these cases the data quality and quantity are too poor to draw any conclusion.
HD 160641, HD 168476 and BD 2984395. These are all lowsurface-gravity EHes. Accordingly, their masses are expected to exceed 0.7 M ( and their contraction rates should be observable, as appears to be the case.
It could be argued that short-term variations could account for all of the changes seen in HD 160641, HD 168476, BD 2984395 and BD 2183438. All are luminous helium stars unstable against strange-mode pulsation instability Lynas-Gray et al. 1987; Saio & Jeffery 1988; Kilkenny et al. 1999 ). However, HD 160641 and 168476 have been monitored with IUE over intervals comparable with their natural oscillation frequencies.
The amplitude of their short-term variations ± at least in T eff ± appears to be small compared with the secular change reported here.
To confirm that the observed heating is due to a secular contraction, the effective temperatures from Table 4 are also shown as a function of angular radius in Fig. 5 . Vectors represent the contraction at constant luminosity of a 0.9-M ( model over the interval covered by the IUE observations. In all four cases, the observed heating is consistent with an overall contraction.
It may be argued that contraction rates computed from equilibrium models, which ignore time-dependent terms in the structure equations, are unrepresentative. For example, if previous evolution had led the helium star to be overluminous, then the contraction rate would exceed the Saio (1988) value as the star attempted to recover equilibrium. In fact, this could ultimately be to advantage because, if contraction rates are sensitive to past evolution and if they can be measured with sufficient precision, they could provide a test for stellar evolution models.
Meanwhile, there is reasonable evidence that, in up to four cases, IUE measurements have led to the direct detection of helium star evolution and that the contraction rates detected are comparable with conservative predictions. No large secular changes have been identified that were not predicted, with the exception of the possible expansion of BD 11082179. The heating rates indicated for HD 160641, HD 168476, BD 2984395 and BD 2183438 are approximately 120, 20, 95 and 33 K yr 21 respectively. The heating rates predicted for a 0.9-M ( helium star with the same T eff are 105, 50, 108 and 30 K yr 21 .
C Y C L I C VA R I A B I L I T Y
Several studies of extreme helium stars have attempted to identify periodic behaviour in their photometry and radial velocities, with mixed success. There is good theoretical and empirical evidence that the variations are caused by pulsations, but attempts to define definitive periods and light curves have been largely unsuccessful. The exceptions are V652 Her and BX Cir, which, with short periods and low luminosities, are discussed extensively elsewhere Kilkenny et al. 1999b) .
Reasonably well-studied variables include:
HD 160641 V2076 Oph (Lynas-Gray et al. 1987) ; HD 168476 PV Tel (Walker & Hill 1985; Jones et al. 1989; Lawson et al. 1993) ; HD 225642 V1920 Cyg (Morrison & Willingale 1987) ; BD 1184381 FQ Aqr Jeffery et al. 1986; Lawson et al. 1993; Kilkenny et al. 1999a) ;
BD 2183438 NO Ser (Jeffery et al. 1986; Lawson et al. 1993; Kilkenny et al. 1999a) ;
BD 2984395 V2205 Oph ; CoD 248810153 V354 Nor LSS 3378 (Lawson et al. 1993) ; LS IV 2182 V2244 Oph (Morrison 1987; Jones et al. 1989; Lawson et al. 1993 ).
There is some evidence for variability in:
LS IV 1682 (Jeffery 1998; Lawson & Kilkenny 1998) ; LSS 4357 (Lawson & Kilkenny 1998) ; CoD 246811775 LSE 78 (Lawson & Kilkenny 1998) ; LS IV 2148109 (Lawson et al. 1993 ). There is no evidence for variability in: HD 124448 (Jeffery & Lynas-Gray 1990) ; HD 144941 ; BD 11082179 Grauer et al. 1984) .
Of the variables, HD 160641 and BD 2984395 have complex light curves, which have been attributed to multiperiodic and nonradial oscillations. For the remainder, the time-scales (or periods') reported for the variations are relatively close to those Table 5 . Spectroscopic mass estimates for extreme helium stars obtained from self-consistent surface gravity and effective temperature measurements and from the core mass±shell luminosity relation for helium shell-burning stars (Jeffery 1988 expected from radial pulsation theory (Saio & Jeffery 1988 ). Lawson et al. (1993) find that the luminosity and radial velocity curves for BD 1184381 are correctly phased for the variation to be due to radial pulsation. Adopting the hypothesis that at least some of the extreme helium star variables are radial pulsators, IUE was used to measure T eff and u variations over at least one pulsation cycle of the three most accessible candidates. These were HD 168476, BD 1184381 and LS IV 2182, which have been reported to shoẁ periods' of approximately 9, 20 and 11 d respectively (see references above). The IUE observations were taken during seven shifts in 1995 May, spaced out to cover the longest period. Figs 7 to 9 show the ultraviolet and radial velocity behaviour. Variability is evident in all three stars.
Ascribing a period to the variations is difficult. It is noted that from 5 yr of observations, Kilkenny et al. (1999a) failed to identify a unique period for either BD 1184381 or BD 2183438 that persisted for more than one season. It appears from their light curves (e.g. Jones et al. 1989; Lawson et al. 1993; Kilkenny et al. 1999a ) that extreme helium star variations are not regular. In the case of extremely non-adiabatic pulsations anticipated in the highly extended envelopes of luminous helium stars, it may be that the pulsations become highly chaotic.
Whatever the long-term properties of the pulsations, it seems reasonable here to characterize short-term behaviour by a local time-scale. One might adopt, for example, the interval between successive light maxima. Here we have made the simplifying and probably wrong assumption that, over the small interval represented by the 1995 data, the variations can be approximated by a sine function with a single period (P). We have attempted to identify the best-fitting sine function for each data set (T eff , u, F IUE and radial velocity v). In each case the mean, amplitude and phase are free parameters. Our initial approach was to minimize x 2 for as many solutions as possible within reasonable constraints. The results are illustrated for each star in Fig. 6 , which shows x 2 for each of the T eff , u, F IUE and v solutions as a function of trial period. The x 2 values are normalized to their maximum value in the period range plotted. Since the data are sparse and of finite duration, the interpretation of these plots is non-trivial. Any solution with a trial period similar to twice the sampling interval is likely to be spurious ± these are indicated by a dotted line in the plots. Trial periods long compared with the duration of the observations also lead to spuriously small x 2 . Each variable shows a number of other x 2 minima, but generally not at the same period. Consistency checks (e.g. F IUE G u 2 T 4 eff eliminate some of these. Pursuing each trial-period solution through to estimates of various stellar dimensions eliminates others; the resultant stellar masses are also shown in Fig. 6 , for example. Figure 4 . The effective temperature measurements of all helium stars with two or more IUE spectra from Table 4 are shown as a function of Julian date. The vectors shown in each panel represent the temperature change predicted by Saio (1988) for shell helium-burning stars of 0.7 M ( (dashed) and 0.9 M ( (solid) and T eff similar to that shown. The vertical error bars represent the error given in Table 4 ; the horizontal marks are simply locators. The adopted solutions for T eff , u, F IUE and v are shown in Figs 7 to 9 and in Table 6 . The periods finally adopted for HD 168476 and LS IV 2182 (see Table 6 ) are based on the minimum x 2 for angular radius and previous estimates of their periods (Jones et al. 1989 ). The period for BD 1184381 is an estimate based on roughly twice that expected from early observations , but roughly comparable with some of the values reported by Kilkenny et al. (1999a) . Shorter periods (e.g. 15 d) lead to self-contradictory results.
Figs 7 to 9 demonstrate a number of important results. First, the product u 2 T 4 eff Y which represents the total luminosity variation of the star, is in phase with and has nearly the same amplitude as the total flux measured by IUE, as expected. Secondly, u and T eff are precisely out of phase so that maximum T eff corresponds with minimum radius, as is also expected. For a radially pulsating star, it is further expected that, for a strictly sinusoidal oscillation, minimum radius should precede minimum radial velocity by ,0.25 cycles. Fig. 6 demonstrates the phase difference Df fv min 2 fu min as a function of period. HD 168476 and BD 1184381 show Df , 0X25 over the relevant period range. LS IV 2182 does not, but in all cases the solutions for v are far from optimal. It is evident that the adoption of any period to fit an incomplete ensemble of data such as these is probably dangerous. However, it does enable us to estimate the amplitudes of the variations in a quantitative way ± it is these which are of primary interest to us here.
An independent verification of these periods and amplitudes can be obtained from Lawson et al. (1993) , who published radial velocities obtained in 1991 with comparable equipment over a comparable interval (20 d). Optimum least-squares solutions to these data are shown in Fig. 10 and in Table 6 . The velocity amplitude for HD 168476 is consistent between 1991 and 1995, whilst the 1995 amplitudes for the other two stars are roughly half the 1991 amplitudes. The periods obtained for these 1991 data are not the same as those found for our 1995 observations, in line with the photometric results (Kilkenny et al. 1999a,b) .
S T E L L A R R A D I I , D I S TA N C E S A N D M A S S E S
If a star is pulsating radially, the variation in its angular radius du is related to the variation in its actual radius dR through the relation dR R du u X
Since du and u have already been measured and dR may be obtained by integrating the radial velocity, R should be Figure 5 . The same data as for Fig. 4 except that Julian date is replaced by angular radius u. The first datum in each sequence is marked by a square, the last by a circle. The evolution vectors are shown only for the 0.9-M ( case, and have a length corresponding to the predicted contraction over the interval covered by the observations. Errors in both T eff and u are shown.
immediately available. Ideally, R should be obtained using highprecision simultaneous data with good time resolution. In particular, such data should allow for (e.g.) non-sinusoidal behaviour. For the relatively faint early-type long-period lowamplitude variables considered here, suitable data are very difficult to acquire. In addition, EHe pulsators may increasingly be thought of as irregular pulsators (e.g. Kilkenny et al. 1999a) , so that only simultaneous multiwavelength measurements of individual pulsation cycles can provide a definitive result. On the other hand, the least-squares solutions obtained above provide a cycleaveraged measurement of the variations. The radial semiamplitude dR is given by the integral of the velocity solution, With semi-amplitudes dR and du and the mean angular radius u, it is then trivial to obtain the stellar radius R and distance d. The luminosity L follows from the mean T eff already derived (Table 6 ) and, with a spectroscopic measurement of the surface gravity g (Table 5 ), the stellar mass M can also be obtained.
The results given in Table 6 are reasonable for HD 168476, marginal for LS IV 2182 and quite unrealistic for BD 1184381. The stellar radius (and hence mass) derived from our least-squares solutions to u and v is strongly period-dependent (Fig. 6 ). For HD 168476 and LS IV 2182, the radius has a minimum close to the adopted period, so that Table 6 effectively reports minimum radii and masses for these two stars.
The measured T eff and R for HD 168476 and LS IV 2182 are very similar, and the difference in mass arises entirely from the higher gravity of LS IV 2182 (Pandey et al. 2000) . Our SAAO spectra for these two stars are almost identical at the resolution and S/N obtained. Profiles of the gravity-sensitive diffuse He i lines (singlet and triplet) are virtually indistinguishable (Fig. 11 ). If T eff is the same for both stars, then log g should be virtually identical. If we take log g 1X35^0X25 for LS IV 2182, then we obtain M 0X79^0X46 M ( Y in good agreement with the mass measured for HD 168476.
The result for BD 1184381 is more difficult to understand, in particular the very low and unlikely mass 0X07^0X04 M ( X The Figure 6 . Identifying pulsation periods for variable helium stars. The left-hand panels show the normalized x 2 for T eff (1), u (Â), F IUE (´) and v (S) as a function of trial period P for each star. The adopted period is marked by a vertical arrow. Twice the mean IUE sampling interval is marked by a vertical dotted line. The duration of the data set is marked by a vertical dashed line (BD 1184381 only). The centre and right-hand panels show the phase difference Df between u and v and the derived stellar mass M, respectively, as a function of P for each star. Computed solutions are connected by straight lines. Adopted periods are again shown by arrows. adopted period is approximately twice that expected, but comparable with some of the values reported by Kilkenny et al. (1999a) . Pulsating extreme helium stars share several characteristics of RV Tauri stars, believed to be luminous post-asymptotic giant branch (AGB) stars. The latter show a variety of period changes, including period doubling, and light curves with alternating deep and shallow minima (Percy 1993) . There are reasonable grounds to postulate that the oscillations shown by PV Tel variables should resemble the RV Tauri variables. Therefore, there does not seem to be a serious problem with P. Reducing P to a value in the range 10±20 d does not ameliorate the problem. With the similar amplitudes in v and u, the radius is halved and the mass quartered.
What else could be wrong? The gravity log g 0X75 given by Pandey et al. (2000) could be low. A factor of 10 increase would bring the measured mass up to 0.6 M ( . At the same time the mass from the core mass±shell luminosity relation would be reduced from 0.80 to 0.53 M ( . However, the reduction in luminosity would place the star below the pulsational instability boundary (Saio & Jeffery 1988) , so the measured gravity is unlikely to be the problem.
The measured radius 18X2^4X2 R ( is just over half that of HD 168476 and LS IV 2182. However, being some 2000 K cooler than LS IV 2182, BD 1184381 would have to have a radius some 66 per cent larger in order to have the same luminosity. Either dR (and by implication dv) is too small, or duau is too large. Since the 1995 velocity measures cover less than one-half of the pulsation cycle, dv 1X02 km s 21 could be underestimated. The 1991 observations (Lawson et al. 1993) give dv 2X47 km s 21 Y but with P 18X5 dY the integral for dR is similar for both data sets. The alternative is that du is overestimated. The fits to the IUE measurements (Fig. 8) are not ideal. Whilst F IUE is reasonably convincing, T eff and u are less satisfactory ± even if the fit to u does pass through the formal error bars of all the data. Of the three stars considered here, BD 1184381 is the coolest and has negligible flux in the IUE SW range. Despite the sensitivity of the IUE LW fluxes to T eff the wavelength range may simply be too short to allow u and T eff to be measured truly independently. Regrettably, more than 80 nights of UBV photometry of BD 1184381 obtained in 1995 by Kilkenny et al. (1999a) do not overlap the period during which the IUE observations were made. Table 7 compares mass estimates for three PV Tel variables. Spectroscopy and the core mass±shell luminosity relation (Jeffery 1988) provide the spectroscopic mass M s . Photometric pulsatioǹ periods' and linear pulsation theory (Saio & Jeffery 1988 ) provide a pulsation mass M p . Angular diameter and radial velocity measurements provide a direct mass M d . It cannot be purely coincidence that three different methods lead, in at least two cases, to mass estimates that are in surprisingly good agreement, Tables 2 and 4 . Superimposed on each is a sine curve; the period for all four fits is indicated in the top panel. The phase and amplitude were obtained from an independent least-squares fit to each set of data (solid curves). In the case of F IUE , the dashed curve represents the product of the fits u 2 T 4 eff scaled to the same mean value as F IUE .
especially taking the numerous probable sources of error into consideration.
In order to make a significant improvement on these results, new measurements of radial velocity and angular diameter will have to achieve better simultaneity and improved phase coverage with a precision at least as high as that achieved here. In the case of BD 1184381 at least, simultaneous visual photometry will be necessary.
C O N C L U S I O N S
This investigation set out to test hypotheses that (a) the evolution of extreme helium stars would lead, in some cases, to changes in T eff that would be observed on a time-scale of ,10 yr and (b) the pulsations of extreme helium stars would allow their masses to be measured directly.
Over 150 IUE spectra of 17 extreme helium stars have been combined to provide 70 SW/LW pairs covering 16 yr of IUE operation. These provide data suitable for studying long-term (.10 yr) changes in 12 stars and to study short-term variability (&30 d) in four stars. Using a grid of hydrogen-deficient model atmospheres, a x 2 minimization method was devised to solve for effective temperature (T eff ) and angular radius (u ) for each IUE pair.
The long-term behaviour of T eff was compared with the predictions of relatively simple stellar structure theory. If a star with a limited reserve of nuclear fuel shines with a certain luminosity, and neglecting other sources of energy, it will contract at a calculable rate. Values computed by Saio (1988) for extreme helium stars of 0.7 and 0.9 M ( were used in this comparison.
For extreme helium stars with low L/M ratios (high surface gravities), no change in T eff was predicted or detected. For four stars with higher L/M ratios, temperature increases of between 20 and 120 K yr 21 were detected. The corresponding rates predicted for 0.9-M ( helium stars are between 30 and 110 K yr 21 , whilst they are negligible for 0.7-M ( stars. Consequently, there is now good evidence that some extreme helium stars are helium shellburning giants contracting towards the white dwarf sequence with masses of up to ,0.9 M ( . IUE spectrophotometry of three extreme helium stars known to be variable on a time-scale of days was used to establish periods and amplitudes of the variations in terms of T eff and u. Nearsimultaneous radial velocity measurements enabled their radii and distances to be measured directly. Together with measurements of T eff and surface gravity, the luminosities and masses follow. Although there are difficulties in defining the pulsation periods P and obtaining the correct phase between u and radial velocity v, the overall results for two stars (HD 168476 and LS IV 2182) are excellent. Masses ,0.8±0.9 M ( are indicated, in good agreement with stellar structure and pulsation theory. The radius for BD 1184381 appears to be badly underestimated by this method, possibly because its low T eff makes it an unsuitable target for IUE.
In this study, both the contraction rate and mass of one star, HD 168476 PV Tel, have been measured directly. For the first time these provide a single complete picture of an extreme helium star with a mass of ,0.9 M ( . It is contracting towards the white dwarf sequence, with T eff increasing by ,20 K yr 21 . As the prototype of the PV Tel variables, it pulsates, slightly irregularly, with P , 6±10 d and a radius variation dR ,^2 per centX Whilst other PV Tel variables may show larger amplitudes, HD 168476 would make an ideal target for intensive study on both long and short time-scales.
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This research has been supported by the Northern Ireland Departments of Education and of Culture, Arts and Leisure through a grant to the Armagh Observatory; and by the UK During the revision of this manuscript, a paper by Massa & Fitzpatrick (2000) was published in which the authors demonstrate that some of the systematic errors still present in the IUE NEWSIPS data can be significantly reduced from around the 10 per cent level to ,3 per cent. While offering an algorithm for applying these corrections to existing NEWSIPS data products, they go on to propose that a rederivation of the NEWSIPS intensity transfer functions (ITF) would remove the remaining errors.
On reading the paper, the present authors had to decide between scrapping their entire IUE data set and starting again, or completing the analysis in its current form. Meanwhile, 25 snapshot orbits on the Hubble Space Telescope have been awarded in Cycle 8 for third-epoch ultraviolet spectrophotometry of most of the targets discussed in this paper. Observations will probably be obtained during late 2000 and 2001. Thus it was decided to proceed with the unmodified NEWSIPS data in this paper, leaving refinement to a future date when both new observations and improved NEWSIPS ITFs are available.
Note 2
The authors have been reminded that Heber & Scho Ènberner (1981) concluded from a statistical study of the temperature distribution of 12 objects that extreme helium stars evolve to higher effective temperatures and finally cool down to become white dwarfs. Figure 10 . Least-squares solutions for radial velocities obtained in 1991 (Lawson et al. 1993 ).
